The reliability of processes with moving elastic and isotropic material containing initial cracks is considered in terms of fracture. The material is modelled as a moving plate which is simply supported from two of its sides and subjected to homogeneous tension acting in the travelling direction. For tension, two models are studied: i) tension is constant with respect to time, and ii) tension varies temporally according to an Ornstein-Uhlenbeck process. Cracks of random length are assumed to occur in the material according to a stochastic counting process. For a general counting process, a representation of the nonfracture probability of the system is obtained that exploits conditional Monte Carlo simulation. Explicit formulae are derived for special cases. To study the reliability of the system with temporally varying tension, a known explicit result for the first passage time of an Ornstein-Uhlenbeck process to a constant boundary is utilized. Numerical examples are provided for printing presses and paper material.
Introduction
There are systems in industry in which material moves unsupportedly between two rollers under a longitudinal edge tension. Such systems can be found, e.g., in manufacturing and printing of paper. In paper machines and printing presses, the tension is essential for the transport of the material and it is created by a velocity difference of the rollers. The relative velocity difference of the rollers is called draw, and the span between the rollers is called an open draw.
To achieve good productivity in systems with moving material, there is a demand for running the system at a high speed but at the same time avoiding runnability problems. In pressrooms, runnability problems include web breaks, register errors, wrinkling and the instability of the paper web [12] . Of these problems, especially web breaks have gained attention in the print industry [24] .
One of the suspected causes of web breaks in pressrooms are defects. Defects in a paper web can be classified into two categories: microscopic and macroscopic defects. Microscopic defects originate from the natural disorder in paper, such as formation, local fibre orientation and variation of wood species [17] . Macroscopic defects are introduced during the papermaking and transportation processes. In papermaking, a condensation drip in pressing or drying section or a lump on press rolls or press felt can cause holes in the paper web [20] . Such defects occur randomly or in a fixed pattern. Stress formed from running a high roll edge through a nip may cause cracks on the edge of the paper web [20] . Edge cracks of such origin typically occur randomly in the sheet. Insufficient roll edge protection during handling and storage may also cause edge cracks. A cut or nick in the edge of the roll cause multiple edge cracks in the sheet in a localized area [20] .
Web breaks occur at random intervals and they are rare events in pressrooms [11] . Thus, data from a large number of rolls is required for determining the causes of web breaks with a reasonable level of confidence [3] and such data is difficult to obtain under controlled conditions [25] . In addition to the rarity of web breaks, there are often many dependent random variables involved in the printing process, and controlling of them may appear difficult [25] . To avoid these problems, two approaches for finding causes of web breaks have been suggested [25] . One is to conduct data-analysis on massive pressroom databases and the other is to investigate the effect of different factors on web breaks by mathematical modelling.
Although the effect of macroscopic defects have gained attention in the research (see, e.g., literature review in [24] ), to the author's knowledge, only a few studies aim to predict the connection of macroscopic defects and web breaks by mathematical modelling. Swinehart and Broek [21] developed a web break model, based on fracture mechanics, which included the size distribution of flaws, web strength and web tension. In [21] , the tension was regarded as constant. Uesaka et al. [25] studied the effect of cracks on web breaks by a break-rate model based on the weakest link theory of fracture. The number of breaks per one roll during a run was derived by considering the strength of charateristic elements of the web. In [25] the tension in the system was assumed to be constant and later, Hristopulos and Uesaka [7] presented a dynamic model of the web transport derived from fundamental physical laws. In conjunction with the weakest link fracture model, the model allows investigating the impact of tension variations on web break rates.
The break-rate model used in [25, 7] predicts the upper estimate of the break frequency. However, considering an upper bound of fracture probability may lead to an overconservative upper bound for a safe range of tension. The studies of mechanical instability suggest that the higher the tension, the higher the velocity of the moving material can be [1] . Thus, from the view point of maximal production, an overconservative tension is undesirable as it underestimates the maximal safe velocity.
Motivated by paper industry, defects have also gained attention in the studies of instability of moving materials. Banichuk et al. [2] studied an elastic and isotropic plate that has initial cracks of bounded length travelling in a system of rollers. In [2] , the plate was assumed to be subjected to constant or (temporally) cyclic in-plane tension and the Paris' law was used to describe the crack growth induced by tension variations. The optimal average tension was sought for the maximum crack length by considering a productivity function which takes into account both instability and fracture. Moreover, an attempt to take the stochasticity of systems with moving material into account was made in the study by Tirronen et al. [22] in which the safe transition of elastic and isotropic material with initial cracks was analyzed by modelling the problem parameters as random variables. In [22] , critical regimes for the tension and velocity of the material were sought by considering the probabilities of fracture and instability.
Although tension in a printing press is known to change in time due to draw variations [24] and tension fluctuations have been suggested to cause web breaks [23] , the tension in the system was regarded as constant in [25, 21] . In [22] , the tension was assumed to be constant while a crack travels through an open draw although the constant value was assumed to include uncertainty. In [2] , only deterministic variations of tension were considered although the draw variations contain white noise in addition to specific high/low frequency components [24] . In a printing press, cyclical tension variations may be caused by out-of-round unwind rolls or vibrating machine elements such as unwind stands (see [14] and the references therein). In addition to cyclical variations, tension may vary aperiodically due to poorly tuned tension controllers, drives, or unwind brakes ( [14] and the references therein). The net effect of such factors cause the tension to fluctuate around the mean value [14] .
This study aims at developing mathematical models for systems in which a moving cracked material travels under longitudinal tension. The material is assumed to be elastic and isotropic, and the models of this study focus on describing the occurrence of defects in the material and tension variations in the system, taking into account the stochasticity of these phenomena. This paper extends the study [22] by modelling the crack occurrence and temporal variations of tension by stochastic processes, which enables examination of system longevity. Instead of estimating the fracture probability from above, the present paper aims at directly computing the fracture probability predicted by the model. Two different models are considered for temporal value of tension. The first model describes tension as constant with respect to time. The second model describes the tension as a stationary Ornstein-Uhlenbeck process. With the latter model, tension has a constant mean value, the set tension, around which it fluctuates temporally. The Ornstein-Uhlenbeck process can be considered as the continuous-time analogue of the discrete-time AR(n) process. It provides a mathematically well-defined continuous-time model for fluctuations of systems whose measurements contain white noise [5, Chapter 4] . Moreover, a stationary process describes random fluctuations of a system which has settled down to a steady state and whose statistical properties do not depend on time [5, Sections 3.7] . The stationary Ornstein-Uhlenbeck process can be regarded as a simplified model of tension variations in a printing press. In this study, we consider straight-line through-thickness cracks perpendicular to the travelling direction and located on the edge of the material. Sharp edge cracks oriented in the cross direction of the paper web are most critical in printing presses [15] . Other stochastic quantities in the presented model describe the occurence of cracks in the open draw and the lengths of the cracks. The locations of the cracks in the travelling direction are described by a stochastic counting process. The lengths of the cracks are modelled by independent and identically distributed (i.i.d.) random variables.
The reliability of the system is studied in terms of fracture by applying linear elastic fracture mechanics (LEFM). For a general counting process, the nonfracture probability is obtained by utilizing conditional Monte Carlo simulation which is one of the most effective techniques for variance reduction [16, Section 5 ]. An explicit representation is derived for a few special cases. When there is stochastic volatility in tension, considering the probability of a fracture leads to first passage time problems which are solved by exploiting the spectral expansion of the first hitting time of an Ornstein-Uhlenbeck process to a constant boundary, as given in [9] .
Numerical examples are computed for material and machine parameters typical of dry paper (newsprint) and printing presses. The reliability of the system is studied with different models for crack occurrence. The impact of different parameters of the stochastic quantities on the reliability of the system is illustrated.
Problem setup
In this study, we consider a moving elastic and isotropic band containing initial cracks during its transition through an open draw. Below, a mathematical model for the moving band is presented. The model is similar to the one presented in [1] .
To study the behavior of the band in the open draw, consider a rectangular part of it that occurs between the supports momentarily:
in x, y coordinates, see Fig. 1 . The length of the span between the supports is and the width of the band is 2b. The part D is modelled as an elastic and isotropic plate that has constant thickness h and Young modulus E. The sides of the plate {x = 0, −b < y < b} and {x = , −b < y < b} (2) are simply supported, and the sides
are free of tractions. 
Tension
The plate element (1) is subjected to homogeneous tension acting in the x direction. Two different models describing the temporal value of tension are studied. In the first model, the value of tension is assumed to be a constant T 0 > 0. In the second model, the tension exhibits temporal random fluctuations. In this case, the tension is described by a continous-time stochastic process
in a probability space (Ω, F, P). Above, s denotes the length of the part that has travelled through the first end of the open draw, see Fig. 1 . Furthermore, temporal random fluctuations of tension are described by a stationary Gaussian Markov process. A stationary process describes the stochastic fluctuations of a system which has settled down to a steady state and whose statistical properties do not depend on time [5, Section 3.7] . Gaussian random variables approximate many real-life variables adequately due to the central limit theorem [5, Section 2.8.2]. Moreover, Markov processes can be used to describe many real systems which have small memory times (see [5, Sections 3 
.2 and 3.3]).
With these assumptions, a natural model for the tension is a stationary Ornstein-Uhlenbeck process. The stationary Ornstein-Uhlenbeck process is the only one-dimensional stochastic process that is stationary, Gaussian and Markovian [5, Section 3.8.4] . With the Ornstein-Uhlenbeck process, the tension changes with respect to s according to the stochastic differential equation
where W is the standard Brownian motion (Wiener process) and T 0 , a T and σ T are strictly positive constants. The parameter T 0 is the long-term mean of the process, the coefficient a T is the rate by which the process T reverts toward T 0 and σ T describes the degree of volatility around T 0 . In the following, the long-term mean T 0 is also called the set tension. Furthermore, the process T is stationary if the initial value satisfies
where N is the normal distribution [6, Section 3.
Since T is stationary, the probability density function of T (s) is time-independent. We denote the probability density function of T by f T . By denoting the coefficient of variation of T (s) (the mean of T (s) divided by its standard deviation) by c T , we have
The transition probability density of T (the conditional density of T (t + s) given T (s) = x) is given by the formula p(t, x, y) = 1
The representation (8) follows from the property that, given T (s) = x, the value of T (t + s) is normally distributed with mean
and variance σ
(see [6, Section 3.3 .1]).
Cracks
We consider a band containing straight-line cracks perpendicular to the travelling direction. The positions of the cracks in the longitudinal direction of the band are described by a counting process
The number of cracks in a band of length S is given by the random variable N ξ (S). It is assumed that the process N ξ is independent of the tension process T . Let s i denote the distance between the first end of the band and the ith crack that appears in the draw (see Fig. 1 ). In the case of constant tension, we assume that the crack distances are strictly positive so that more than one crack does not appear in the same longitudinal position of the band simultaneously. In this case, more than one crack may occur in the open draw simultaneously, but the possible interactions of cracks are not considered in this study. In the case of randomly varying tension, we assume that s i − s i−1 > .
In this study, we consider a band containing only through-thickness edge cracks (see Fig. 2 ). The length of the ith crack is described by the random variable ξ i . We assume that the random variables ξ i are independent and identically distributed (i.i.d.), and the common cumulative distribution and probability density functions of the crack lengths are denoted by F ξ and f ξ . The random variables ξ i are assumed to be independent of the processes N ξ and T . Although we consider only sharp edge cracks in this study, the reliability analysis can be generalized for other crack geometries as well by modifying the fracture criterion presented below. For example, instead of describing only the length of a crack as a stochastic quantity, the geometry of the crack can be described by a random vector, the elements of which describe the crack length, the location of the crack in the y direction and the orientation of the crack in the xy plane.
Nonfracture criterion
To study the fracture of the band, we apply linear elastic fracture mechanics (LEFM), which assumes that the inelastic deformation at the crack tip is small compared to the size of the crack. Crack loadings in the system are of mode I (opening). When a crack ξ i travels through the open draw, the stress intensity factor K related to the crack is a function of the form (see [4] )
where α is a weight function related to the crack geometry. In this study, we assume that the function α is constant with respect to the location of the crack in x direction:
Weight functions for cracks in a rectangular plate under constant tensile loading are provided, for example, in [13, 4] . The nonfracture criterion for the band when the crack ξ i travels through the open draw reads as
where K C is the fracture toughness of the material. The nonfracture criterion (14) is equivalent to
with
The performance of the system is considered during the transition of a band of length S through the open draw. In this, the initial and last states of the system are regarded as the states at which the first and last ends of the band are located at the supports to which the travelling material arrives first and last, respectively (see Fig. 3 ). It is assumed that before and after the band the material continues and remains similar. For simplicity, cracks that occur in the open draw in the initial and last states are not considered in terms of fracture. 
Reliability in terms of fracture
In this section, representations for the reliability of the system are derived with different tension models. For a general counting process describing the crack occurrence, the reliability of the system can be obtained by utilizing conditional Monte Carlo sampling. Explicit representations are derived for special cases.
Constant tension
When tension is constant and the possible interactions of the cracks that occur in the open draw simultaneously are not taken into account, the reliability of the system reads as
Since N ξ is independent of the crack lengths, and the lengths are i.i.d., it holds that
The probability r 1 can also be estimated by exploiting the idea of conditional Monte Carlo simulation (see [16, Section 5.4] ). That is, we may estimate
where k 1 , . . . , k M is a sample of size M from the distribution of N ξ (S), and for the conditional probability in (22) , it holds that
= q kj .
Stochastic volatility in tension
When there is stochastic volatility in the value of tension, the probability that a band of length S travels through the open draw such that a fracture does not propagate from any of its cracks is
Similar to Section 3.1, we may estimate r 2 by exploiting conditional Monte Carlo simulation. First, we estimate
where
and the vectors (x j 1 , . . . , x j kj +1 ), j = 1, . . . , M consist of simulated crack distances, satisfying
The probability q j kj above simplifies to
Since s j > s j−1 + , we obtain by using the Markov property of T and the independence of ξ i 's that
where the probability (37)-(38) is equal to
By the stationarity of T and the assumption that ξ i 's are identically distributed, the probability on the right of (36) simplifies to
and
Further, we may write
Let τ
denote the first passage time (hitting time) of the tension process to the boundary x given that the process started at y. With this notation we have
The spectral expansion of the survival function of τ x y is given in [9] . According to [9] , when y < x, it holds that
where {λ n } ∞ n=1 and {c n } ∞ n=1 are obtained as follows: Let
The coefficients {ν n } ∞ n=1 , 0 < ν 1 < ν 2 < ..., ν n → ∞ as n → ∞, are the positive roots of the equation
where H ν is the Hermite function, and the equation is solved with respect to ν. The coefficients {c n } ∞ n=1 are given by
Moreover, we have
where p is the transition probability density defined in (8) . Thus,
Finally, we notice that (57) is equivalent to
where F Gauss µ Gauss (u, s), σ Gauss (s), x denotes the cumulative distribution function of the normal random variable with mean
and standard deviation
at point x.
By the same reasoning as above, it holds for all i = 2, . . . , k j − 1 that
In addition, q
Accordingly, it holds that
Examples
As examples, we consider cases in which cracks occur in the band according to renewal processes. For such a process, the distances between succeeding cracks are independent and identically distributed.
As an example, we consider the reliability of the system when the tension is constant, and cracks occur in the band according to a homogeneous Poisson process with intensity λ ξ . In this case, the expected distance of two succeeding cracks is 1/λ ξ . The representation (19) is equivalent to
Noticing that the series in (64) is the Maclaurin series of the exponential function at point λ ξ Sq, the formula (64) can be written as
Another example is given by the case in which defects occur (almost) periodically in some part of the band. When the possible crack locations in the longitudinal direction of the band are
and a crack occurs in location iL with probability p s independently of other cracks, the random variable N ξ (S) follows the binomial distribution with number of trials S/L and a succes probability p s in each trial. The reliability of the system with constant tension reads as
To simulate the reliability with tension variations, we notice that
where X follows the geometric distribution with the success probability p s and the support {1, 2, . . . }. The expected distance between cracks is
When the distance between two succeeding cracks is a constant L, the reliability of the system is
when tension is constant, and
when there is stochastic volatility in tension.
In the numerical examples, we also consider the case in which the distances between two succeeding cracks obey the 3-parameter lognormal distribution with the support ( , ∞). Denoting the common probability density function of the crack distances by f s ξ , we have
with shape σ s > 0 and log-scale µ s ∈ R. With the 3-parameter lognormal distribution, the expected distance between cracks is
and the variance of the distance is 
For all the models, we assume that the distance between the first crack and the first end of the band has the same distribution, or is the same, as the distance between the two succeeding cracks.
The reliability decreases when the tension increases, and thus we may seek the critical value of tension such that the safe transition of a band of length S through the open draw is guaranteed at a given level. In the case of constant tension, the problem reads as max T 0 such that (76)
where q ∈ (0, 1) is the required reliability level. Let the crack length ξ i obey a continuous distribution with the support R + . Assuming that the function g(x) = α(x) √ x is strictly increasing, it holds that
where g −1 denotes the inverse function of g. When N ξ is a homogeneous Poisson process, the solution of (76)- (77) is
denotes the inverse function of F ξ . When N ξ (S) obeys the binomial distribution, the critical velocity is
when tension is constant.
Numerical examples and discussion
The reliability of the system was computed with different models for tension and crack occurrence. The values of the material and machine parameters used in the examples are typical of dry paper (newsprint) and printing presses.
Numerical solution process and error approximation
The computations were carried out with Mathematica, in which a built-in function for the Hermite function appearing in the construction of the series (46) is available. The roots {λ n } ∞ n=1 of the Hermite function were sought by combining the plain bisection method and Mathematica's FindRoot function using the Brent method. Intervals that bracket the roots were found by starting from the preceeding root, or zero in the case of the first root, and computing the values of the Hermite function in (48) step by step until its sign had changed with such a small step size that no roots were skipped. The series (46) was truncated after the kth term that was the first to satisfy
In computing the coefficients {c n } ∞ n=1 , a readily available numerical derivation function in Mathematica was utilized.
Mathematica's NIntegrate function was used to compute estimate for the integrals q and q 2 . The probabilities q 1 and q 3 were estimated by Monte Carlo simulation. In the computations, the errors of the Monte Carlo estimates were approximated by the standard error (see Section 1.1.1. in [6] ).
The error in (63) that originates from the error of the integrals q 1 , q 2 and
. . , k j was approximated by its total differential. That is, when the computed estimates of these integrals differ from the exact values by small quantities dq i , the corresponding error in (63) can be approximated by
It holds that
. . , k j can be regarded as conditional probabilities and thus are not more than one. Consequently, when
we may approximate Similarly, if the error in q is bounded above by , the same upper bound as in (87) is obtained for the error in (22) . For the explicit formulae (65), (68), (71) and (72), the error can be approximated in a similar manner.
Examples for printing presses
The values of the machine and material parameters used in computing the examples of this section are typical of those of printing presses and dry paper (newsprint). Values of the deterministic parameters are listed in Table 1 . The strain energy release rate G C was obtained from the results in [18] , and the fracture toughness was set to
The band length was given the value S = 350 (km). Uesaka [24] approximates that an average distance between web breaks in a printing press is 350 km.
When the values of c T and a T are set, the volatility parameter σ T is obtained from Equation (7). In the computations, it was set a T = 1, and the reliability of the system was studied with T 0 = 200, 350, 500 (N/m) and c T = 0.05, 0.1. For the tension values usually applied in printing presses, see the measurements in [23, 10] .
Single simulated sample paths of the tension process are shown in Figure 4 with different values of c T with T 0 = 350 (N/m). Discretization of the OrnsteinUhlenbeck process is represented, for example, in [6, Section 3.3.1]. In the figure, 100 discretization points were used for the considered interval. For comparison, see [14, Figure 2] .
The weight function α that appears in the stress intensity factor (12) was approximated from the results in [4, Section C8.1]. That is, it was set to
where the function F was interpolated by using Mathematica's Interpolation function from the values in [4, Table C8 .1]. The reliability of the system was studied with Weibull distributed crack lengths. In [21] , the distribution of holes in a paper web was represented by a Weibull distribution. With this crack length model, the distribution function of 
where λ ξ > 0 and k ξ > 0 are the scale and shape parameters of the distribution. The mean and the variance of the crack length are [19, Section 4]
The examples were computed with k ξ = 0.8 which is comparable to the shape parameter of the hole size distribution in [21] . With this, independent of λ ξ , the coefficient of variation (the standard deviation divided by the mean) of the crack length is 1.26. The reliability of the system was studied with different values of the expected crack length.
The reliability of the system with constant tension was studied with the Poisson, binomial, lognormal and deterministic crack occurrence models introduced in Section 3.3. The lognormal model was examined with two different values for the coefficient of variation of the crack distances: one and ten. With the binomial model, it was set L = 2 and p s = 0.9. The reliability of the system with tension variations was considered with the binomial and deterministic crack occurrence models.
In general, the sample size in computing q 1 and q 3 and the accuracy goal for q and q 2 were chosen such that the estimated errors in r 1 and r 2 were approximately 0.01 at maximum. However, for T 0 = 350, 500 (N/m), the maximum error of 0.035 was allowed in computing r 2 for the binomial crack occurrence model. In addition, for T 0 = 350 (N/m), the maximum error 0.025 was allowed in computing r 2 for the deterministic crack occurrence model with the smallest crack distance 100 (m). In simulating the reliability with constant tension and the lognormal crack occurrence model, a sample size of M = 100 in (21)- (22) was used. With this sample size, the standard errors of the estimates for r 1 were approximately 5 · 10 −6 at maximum. With the binomial crack occurrence model and tension variations, the sample size M = 100 in (29) was used. This produced standard errors for the estimates less than 2 · 10 −4 . Figure 5 shows the reliability of the system with constant tension when cracks occur according to a Poisson process. The impact of the mean crack length on the reliability of the system increased when the tension increased. 9 (m). Moreover, it is seen that when the mean crack length is only 0.005 (m), cracks do not affect the reliability of the system, even when the mean distance between cracks is small or tension is high. On the other hand, when the mean crack length is larger and tension is high, cracks may affect the reliability of the system, unless the mean distance between cracks is extremely large. With the studied parameter values, no remarkable difference in the reliability of the system with constant tension was found between the lognormal and deterministic crack occurrence models when the average distance between cracks in the lognormal model was set to be equal to the distance between cracks in the deterministic model. Naturally, the difference between the deterministic and lognormal models was larger with the higher coefficient of variation of the crack distances. The maximum difference was approximately 0.03.
In Figure 6 , we see the reliability of the system with the deterministic model for crack occurrence. For the studied crack distances, cracks of mean length 0.005 (m) did not affect the reliability of the system, even with high average tension and remarkable tension fluctuations. The results suggest that larger cracks (E[ξ i ] = 0.015 (m)) may have a greater impact on the system reliability, and the effect of cracks increased significantly when the set tension increased. With E[ξ i ] = 0.015 (m) and T 0 = 200 (N/m), the probability of fracture was zero for all studied crack distances but, e.g., when the crack distance was 5 (km), the reliability r 1 decreased to 0.87 when T 0 increased to 500 (N/m). As with the Poisson model, it was seen that the distance between cracks had a considerable impact on the reliability. E.g., with T 0 = 500 (N/m) and E[ξ i ] = 0.015 (m), the reliability r 1 increased from 0.76 to 0.91, when the crack distance increased from 2.5 to 7.5 (km). Moreover, the results suggest that tension fluctuations may significantly affect the system reliability. In this, the set tension played an important role. E.g., when Figure 7 shows the reliability of the system with the binomial crack occurrence model. As with the deterministic crack occurrence model, cracks of mean crack length 0.005 (m) did not affect the system reliability even with high average tension and tension fluctuations. Cracks with larger mean length may affect the system reliability, at least if the tension is not low. For the studied parameter values, the effect of cracks increased significantly when the set tension increased. With E[ξ i ] = 0.015 (m) and T 0 = 200 (N/m), the reliability of the system was one in the studied range of damage zone length. With the damage zone length 5 (km), the reliability r 1 decreased to 0.70 when T 0 increased to 350 (N/m). Also, the reliability of the system depended remarkably on the length of the damage zone. E.g., with T 0 = 350 (N/m) and E[ξ i ] = 0.015 (m), the reliability r 1 decreased from 0.84 to 0.58, when the damage zone length increased from 2.5 to 7.5 (km). Again, it was seen that tension fluctuations may significantly affect the system reliability. E.g., when T 0 = 350 (N/m), the damage zone length was 2.5 (km) and E[ξ i ] = 0.015 (m), the reliability of the system with constant tension was 0.84 but with c T = 0.1 the reliability was only 0.66. Figure (8) shows the critical tension for the system with constant tension with the Poisson, deterministic and binomial models for crack occurrence. In the computations, the required reliability of the system was set to q = 0.99. To compare, the nominal level of tension in printing presses is [200, 500] (N/m) (see [23] ). When the mean crack length was 0.015 (m), the critical tensions were close to the lower bound of the nominal tension. With the average crack length 0.005 (m), the critical tension can be higher than what is typically applied in printing presses.
The computed examples suggest that the set tension has a significant impact on the reliability of the system. When the set tension increases, the impact of cracks becomes more pronounced. In addition, the impact of tension variations increase remarkably when the set tension increases. With high average tension, tension fluctuations may significantly affect the system reliability. The results also show that crack frequency is a significant factor in terms of fracture.
Discussion
In this paper, the reliability of a system with moving cracked material was studied in terms of fracture. Numerical examples were computed with material and machine parameters typical of newsprint and printing presses. However, it should be noted that the numerical results obtained in this study are mainly qualitative, and more rigorous conclusions require data of defects and tension from a real printing press. Such data can be obtained by automated inspection systems developed for quality control [8] and devices designed for tension profile measuring [12] . In this study, tension fluctuations were described by the stationary OrnsteinUhlenbeck process. For such process, a known explicit result for the distribution of the first passage time to a counstant boundary exists and could be exploited in computing. However, the results generalize for other stationary and Markov processes at least via simulation of the first passage time distribution.
When the numerical results are considered, it should also be kept in mind that the model lacks some features typical of a moving paper web in a printing press, which may have an impact on the results: The study assumed the profile of tension to be homogeneous, although in printing presses, the measured tension varies in the cross-direction (see the measurements in [10, 23] ). The results were obtained with the elastic material model, although the paper material is known to have orthotropic characteristics. The study considered the reliability of the system in terms of fracture when the material travels between the supports, but the effect of the rollers was not included in the model. The present paper extends previous studies of break rate models by modelling tension fluctuations and crack occurrence by a continuous time stochastic process and a stochastic counting process, respectively. The numerical results suggest that tension variations may have a significant impact on the reliability of the system. Thus, including tension fluctuations in the break rate model is essential. The results also show that the fracture probability highly depends on the crack frequency. Thus, upper estimates of the break rate obtained by assuming that a crack exists, e.g., in every roll may lead to overconservative set tension.
Conclusions
In this paper, the reliability of processes with moving elastic and isotropic material containing initial cracks was studied in terms of fracture. The material was modelled as a moving plate subjected to homogeneous tension acting in the travelling direction. The reliability of the system was considered in two cases: i) the tension is constant with respect to time, and ii) the tension varies temporally according to an Ornstein-Uhlenbeck process.
The cracks were assumed to occur in the travelling direction according to a stochastic counting process. Edge cracks perpendicular to the travelling direction were considered. The lengths of the cracks were modelled by i.i.d. random variables.
For a general counting process describing crack occurrence, a representation for the reliability of the system was derived that exploits conditional Monte Carlo simulation. Explicit formulae were obtained for special cases. In the case of temporally varying tension, considering the fracture probability led to a first passage time problem. Solving this, a known result for the first passage time of an Ornstein-Uhlenbeck process to a constant boundary was utilized.
Numerical examples were provided for parameter values typical of printing presses and paper material. It was seen that the effect of crack length distribution on reliability increased significantly when the set tension increased. The set tension had a remarkable impact on how tension dispersion affected the reliability of the system. Also, crack frequency was an important factor in terms of fracture.
